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1. , injectivity
bijectivity , delicate ,
, $n\cross n$
invertible selfadjoint $H$ $\prime H\equiv \mathrm{C}^{n}$ sesqui-linear form
$\langle x, y\rangle_{H}\mathrm{d}\mathrm{e}\mathrm{f}=\langle Hx, y\rangle$ $(x, y\in H)$
$\text{ }$
$\langle x, y\rangle$ inner product $\text{ }$ $H$ positive definite
, $\langle x, y\rangle_{H}$ indefinite $f\mathrm{X}$ inner product .
$A$ , sesqui-linear form , $H$-adjoint $A\#$
$\langle Ax, y\rangle_{H}=\langle x, A\# y\rangle_{H}$ $(x, y\in H)$




, $A$ $H$-selfadjoint , $HA$ selfadjoint
selfadjoint $A,$ $B$ $A\geq B$ , $A-B$ positive semi-definite
$A\geq B$ $\Leftrightarrow$ $\langle Ax, x\rangle\geq\langle Bx, x\rangle$ $(x, y\in \mathcal{H})$ .
, $A,$ $B$ $H$-selfadjoint , ( $H$ ) $A\geq HB$
$A\geq HB$
$\Leftrightarrow$ $\langle Ax, x\rangle_{H}\geq\langle Bx, x\rangle_{H}$ $(x, y\in H)$ .
, $HA\geq HB$
$f(t)$ $\mathrm{R}$ ( ) $(\alpha, \beta)$ selfadjoint
$A$ ( ) ( ) $\sigma(A)$ $(\alpha, \beta)$ ,
$f(A)$
$f(t)$ $(\alpha, \beta)$ , Riesz-Dunford




$f(t)$ $(\alpha, \beta)$ (operator monotone) , ( $n$ )
$\sigma(A),$ $\sigma(B)\mathrm{C}(\alpha, \beta)$ selfadjoint $A,$ $B$ , $\ovalbox{\tt\small REJECT}$
$A\geq B$ $\Rightarrow f(A)\geq f(B)$ .
$(0, \infty)$
$t^{p}$ $(0<p\leq 1)$ , $\log t$ , $\frac{t}{t+\gamma}$ $(\gamma\geq 0)$ ,
, (–1, 1)
$\frac{t}{1-\lambda t}$ $(-1<\lambda<1)$
( [ ] 5 1 )
$(\alpha, \beta)$ $f(t)$ ,
,
. $f(t)$ $(\alpha, \beta)$ , $A,$ $B$ $H$-selfadjoint $\sigma(A),$ $\sigma(B)\subset(\alpha, \beta)$
, :
$A\geq HB$
$\Rightarrow$ $f(A)\geq Hf(B)$ .
, , $A$ selfadjoint
, real , $H$-selfajoint











. , $G$ positive defimite , $J$ (indefinite) selfadoint involution .
$A\geq HB$
$\Leftrightarrow$ $J\cdot GAG^{-1}\geq J\cdot GBG^{-1}$
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$f(GAG^{-1})=G\cdot f(A)\cdot G^{-1}$ , $f(GBG^{-1})=G\cdot f(B)\cdot G^{-1}$
, $H$ selfadjoint involution , $H=J$ ,
$\mathrm{L}$ 1. $f(t)$ $(\alpha, \beta)$ , $A,$ $B$
$\sigma(A),$ $\sigma(B)\subset(\alpha, \beta)$
, :
$JA\geq JB$ $\Rightarrow$ $J\cdot f(A)\geq J\cdot f(B)$ .
$A,$ $B$ , $\rho>0$ reaI $\gamma$ , $\rho(A+\gamma),$ $\rho(B+\gamma)$ ,
$(\alpha, \beta)$ (–1, 1)
, (–1, 1) $f(t)$
, ( [ ] 5 1 )
$\mathrm{L}1$ . (–1, 1) $f(t)$
$f(t)=f(0)+ \int_{-1}^{1}\frac{t}{1-\lambda t}dm(\lambda)$ $(-1<t<1)$
$m(\cdot)$ (-1, 1)
, 1 , $f(t)$
$\frac{t}{1-\lambda t}$ $(-1<\lambda<1)$
1 $\lambda\neq 0$
$A(I- \lambda A)^{-1}=-\frac{1}{\lambda}I+\frac{1}{\lambda}(I-\lambda A)^{-1}$
,
$\mathrm{L}$ 2. $A,$ $B$
$\sigma(A),$ $\sigma(B)\subset(-1,1)$
, $JA\geq JB$
$-1<\lambda<0$ $\Rightarrow$ $J(I-\lambda A)^{-1}\leq J(I-\lambda B)^{-1}$ ,
$0<\lambda<1$ $\Rightarrow$ $J(I-\lambda A)^{-1}\geq J(I-\lambda B)^{-1}$ .
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3. 2 $A$ inertia ,





$A$ selfadjoint , \pi A) $A$ ( ) , $\pi_{0}(A)$
$\mathrm{k}\mathrm{e}\mathrm{r}(A)$ , $A$ selfadjoint $T$ invertible , $A$ $T^{*}AT$
inertia ,
$\pi_{-}(T^{*}AT)=\pi_{-}(A)$ , $\pi_{\mathrm{o}}(T^{*}AT)=\pi_{\mathrm{o}}(A)$ , $\pi_{+}(T^{*}AT)=\pi_{+}(A)$ .
inertia ( [Horn-Johnson] Chap 2\S 1 )




3. $S,$ $T$ invertible selfadjoint $ST$ , $S$ $T$
inertia
( ) $\pi_{-}(ST)=\pi_{\mathrm{o}}(ST)=0$ , 2 positive definite $H$ ,
$H\cdot ST+TS\cdot H>0$
$(H^{\frac{1}{2}}SH^{\frac{1}{2}})\cdot(H^{-\frac{1}{2}}TH^{-\frac{1}{2}})+(H^{-\frac{1}{2}}TH^{-\frac{1}{2}})\cdot(H^{\frac{1}{2}}SH^{\frac{1}{2}})>0$
, 2 selfajoint $H^{\frac{1}{2}}SH^{\frac{1}{2}}$ $H^{-\frac{1}{2}}TH^{-\frac{1}{2}}$ inertia
$S,$ $T$ selfajoint $H^{\frac{1}{2}}SH^{\frac{1}{2}}$ $S$, $H^{-\frac{1}{2}}TH^{-\frac{1}{2}}$ $T$ inertia
$S$ $T$ inertia ( )
4. $\mathrm{C}$ [Smul’$\mathrm{j}\mathrm{a}\mathrm{n}$] ) $S,$ $T$ invertible selfadjoint , inertia
$S\geq T$ $\Rightarrow$ $S^{-1}\leq T^{-1}$ .
( 2 ) $A,$ $B$ $J$-selfadjoint , $J-\lambda AJ,$ $J-\lambda BJ$ selfadjoint
$\sigma(A),$ $\sigma(B)\subset(-1,1)$ ,
$\sigma((J-\lambda AJ)J)$ $=$ $\sigma(I-\lambda A)\subset \mathrm{R}_{+}\backslash \{0\}$
$\sigma((J-\lambda BJ)J)$ $=$ $\sigma(I-\lambda B)\subset \mathrm{R}_{+}\backslash \{0\}$
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, 2 , $J-\lambda AJ,$ $J,$ $J-\lambda BJ$ inertia
$JA\geq JB$ , $-1<\lambda<0$
$J-\lambda AJ\geq J-\lambda BJ$
, 4
$J(I-\lambda A)^{-1}$ $=$ $(J-\lambda AJ)^{-1}$
$\leq$ $(J-\lambda BJ)^{-1}=J(I-\lambda B)^{-1}$
, $0<\lambda<1$ ,
$J(I-\lambda A)^{-1}\geq J(I-\lambda B)^{-1}$ .
( )
4. , $H$ selfadjoint involution $J$
$S$ $S^{*}S\geq 0$ , $\sigma(S^{*}S)\subset \mathrm{R}_{+}$ modulus
$|S|\equiv(S^{\mathit{1}}S)^{\frac{1}{2}}$
$t^{\frac{1}{2}}$ $(0, \infty)$
$S^{*}S\geq T^{*}T$ $\Rightarrow$ $|S|\geq|T|$
$J$- $s\# s$ $J$-selfadjoint , $s\# s\geq J0$
, $\sigma(s\# s)\subset \mathrm{R}_{+}$ $(\mathrm{s}\#\mathrm{s})^{\frac{1}{2}}$ ,
$S$
$\langle x, x\rangle\geq\langle Sx, Sx\rangle$ $(x\in H)$
, $I\geq S^{*}S$ , $S$ contraction ,
$\langle x, x\rangle_{J}\geq\langle Sx, Sx\rangle_{J}$ $(x\in H)$ .
, $I\geq Js\# s$ , $S$ $J$-contraction
5. ([Krein- Smul’jan] ) $S$ invertible $f\mathrm{X}J$-contraction $1\mathrm{f},$ $\sigma(s\# s)\subset$
$\mathrm{R}_{+}\backslash \{0\}$ .
, invertible $J$-contraction $S$ , Riesz-Dunford functional




3. $J$ (indefinite) selfadjoint involution , $S,$ $T$ invertible J-contraction
, :
$S^{\#}S\geq JT^{\#}T$
$\Rightarrow$ I $S|\geq J1T|$ .
$S,$ $T$ invertible , invertible $J$-contraction
$J$-modulus , 3 invertible
5. .
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